We extend the Spectral Construction, a technique used with great success to study and construct vector bundles on elliptically fibered varieties, to a special family of abelian surface fibered varieties. The results are motivated by requirements from Heterotic String Phenomenology where vector bundles with specified chern class are required to produce a realistic particle spectrum. Although only certain (1,8)-polarized families of abelian surfaces are considered here we expect the main ideas to carry over to other families of abelian varieties with a uniform relative polarization type.
Introduction
Two decades ago it was shown that a physically realistic string theory can be realized with a Calabi-Yau threefold as the compact portion of space-time [14] . On this Calabi-Yau a Heterotic String theory compactification is specified by giving a vector bundle with special properties determined by physics. In the last decade, many examples of Calabi-Yau manifolds have been produced, but until recently [7] there were no examples of a Heterotic String with a phenomenologically correct particle spectrum.
This paper examines a particular family of Calabi-Yaus and develops the theory of Fourier-Mukai transforms and the Spectral Construction to build vector bundles with specified chern characters. The Calabi-Yaus we examine are of intrinsic mathematical interest because of some extremizing properties, and also form promising candidates for physical reasons.
In the companion paper [3] we explore the physical consequences of using the constructions described here. Unfortunately the main result is that under some mild restrictions we have a "no-go" result stating the the weak heterotic challenge can not be satisfied (see section 1.2).
Main Example
The family of Calabi-Yaus considered here arise from explicit constructions of the moduli of (1, 8)-polarized abelian varieties with level structure, originally considered in some detail in [17] . Each Calabi-Yau in the family is an abelian surface fibration V → È 1 with a relative (1, 8) polarization class, H. We will use quotients of V by a freely acting group G as our target variety V on which we examine the moduli of vector bundles. In both cases the fibration is flat but not smooth and the types of singular fibers we encounter are generic in boundary components of compactification of the moduli of (1, 8) -polarized abelian surfaces.
Both V and V have a number of appealing characteristics that make them interesting to both Mathematicians and Physicists. The variety V has a fundamental group of order 64. Most of the known Calabi-Yau varieties are simply connected and those considered here have some of the largest known fundamental groups. Recently V was shown [16] to have the largest known Brauer Group of a Calabi-Yau threefold and it has been conjectured that V is the universal cover of its mirror [28] .
For physics, large fundamental groups give more flexibility when breaking the grand unified group to the standard model group. This could represent a significant improvement on previous attempts [7] . There are families of Calabi-Yaus closely related to those considered here to which many of the methods used in this paper apply. Some of those examples are known to have non abelian fundamental groups and are discussed briefly in concluding remarks.
Physical Motivations: The Weak Heterotic Challenge
The exploration of these families of Calabi-Yaus is motivated by problems in the compactification of a Heterotic String theory to four dimensions where bundles with particular characteristics are required. For an E 8 × E 8 Heterotic theory compactified to a four dimensional theory we need to satisfy the weak heterotic challenge [11, 3] :
• a Calabi-Yau threefold X with Kähler form ω
• An E 8 bundle E −→ X whose structure group reduces to G
• The centralizer of G in E 8 contains the standard model group SU(3)×SU(2)× U(1) as a direct summand.
In practice we will have G = SU(4) or SU(5) and we'll replace the principal bundle E by the associated vector bundle which we'll continue to refer to as E. We have:
• rk(E) = 4 or 5.
• E should be Mumford polystable with respect to ω (Supersymmetry Preservation)
• c 1 (E) = 0
• c 2 (T X ) − c 2 (E) = {class of effective curve} (Anomaly Cancellation)
• c 3 (E) = 6 (3 Generations Condition)
These numerical requirements are quite rigid, and the search for bundles satisfying the constraints typically requires detailed analysis of the particular threefold in question using the techniques described above.
Outline of the Spectral Construction for Vector Bundles
Using the above constraints we can calculate possible Chern characters of a desired bundle E. Then using our explicit calculation of the action of the Fourier-Mukai transform on cohomology we can calculate the chern characters of a sheaf N such that the Fourier-Mukai of it gives a sheaf with the desired chern classes. In some cases N can be written as a line bundle supported on a smooth curve finite over the base. In those cases F M(N ) will be a vector bundle. Some properties of the vector bundle are related to geometric properties of a the curve, in particular we are able to get conditions on the curve such the the resulting bundle is stable. This is the general outline of how we would like to proceed with the Spectral Construction. In the example consider here we are unable to make this construction or variations on it produce a bundle meeting the weak heterotic challenge and under mild hypothesis have shown that a vector bundle with the desired properties does not exist [3] .
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2 The Geometry of V 8,y and V We review the known results about V 8,y and give some new results for V . The goal of this chapter is to provide a basic geometric understanding of our main example by calculating the relevant cohomology groups and intersection products. First we'll summarize the relevant details for our Calabi-Yau threefold V = V 1 8,y . We closely follow the notation and exposition of [16] . More details can be found in [17] and [16] 
There is an action of the Heisenberg group À 8 generated by the elements σ, τ given via an action on the homogeneous coordinates given by σ(x i ) = x i−1 and τ (x i ) = ξ −i x i where ξ is a primitive 8 th root of unity and the indices on the coordinates should be read mod 8.
The main results summarizing our description of V are the following ( [16] Proof. The action of À 8 on È 7 is not free but its fixed points are disjoint from the locus defining V 8,y and hence acts freely there (see [16] ). Further, the action is such that on smooth A with ample line bundle H A it acts as translation by elements of the kernel K(H). By [21] Propositions 5.40 and 5.41 this action extends to the singular fibers.
On a smooth fiber K(H) induces an isogeny A −→ A permuting the 64 sections e i , and on the singular fibers T i it acts along the elliptic curve E i forming the singular locus by translation by the points of order 8, this action moves each line l in the singular fiber in an orbit of 64 other lines in the fiber (See comments before Theorem 1.4 in [16] ). Taking the quotient by this group action we get the dual fibration π : V −→ B. Let φ H : V → V denote the quotient map. 
Proof. Since π 0 (V ) = 0, and G = 8 × 8 acts freely on V we can use the Leray-Serre spectral sequence ([30] Theorem 6.10.10)
to calculate the cohomology of V . Using [30] 
Proof. The proof is just a repeated application of the fact that for cohomology classes x, y we have φ *
The others are similar. For the case that b < 0 we can make a similar argument once we note that H gives the morphism V → È 7 and so cannot have a fixed locus.
Proof. By Kleimann's ampleness criteria we have that H 0 is a ample divisor iff
Where N 1 ( V ) is the set of 1-cycles and NE( V ) is the closure of the cone of effective curves. This is clearly satisfied by our H 0 . 
Proof. The case i = 0 follows from the fact that A 2 = 0. For i = 1 note that as
The argument for i = 2 is similar.
Note that the same proof would have worked for the classes on V . We end this section with a basic observation regarding the fundamental group of V .
Proposition 2.9. V is the universal cover of V and the fundamental group is given
Proof. By the description of the action in 2.3 its a free action so by standard algebraic topology π 1 ( V ) = 8 × 8
Fourier-Mukai Transforms on Abelian Surface Fibrations
The goal of this chapter is to calculate explicitly the descent of the Fourier-Mukai transform to a map on cohomology for our abelian surface fibration. First we examine the singular fibers to get an extension of the multiplication map on the smooth fibers. We use the multiplication map to define a Poincare sheaf on the fiber product and hence a Fourier-Mukai transform. In the last section we calculate the Fourier-Mukai transform for a number of independent sheaves so that we can deduce the action on cohomology. We begin with a review of the extension of the multiplication maps in the case of curves as it gives the essential idea.
Review: Extension of Multiplication for the Nodal Cubic
Before we proceed recall how this was done in the one dimensional case. Take N to be a nodal cubic curve. By extension of multiplication mean a commutative diagram
where m is defined as the regular multiplication map on the open set * × * formed by removing the singular point of N and R is birational to N × N.
Proposition 3.1. For the nodal cubic N there is an extension of the multiplication map.
Proof. We start by resolving the nodal curves. We have the vertical maps in the diagram
Explicitly we can write m
We will define m ′ to be the projection from the line l ∼ = È 1 given by the points [0, l 1 , l 2 , 0]. This will define a map outside of 
Intersecting with the quadric we have {L 2 x = L 1 w} ∩ {xw − yz = 0}, defining a family of (1, 1) conics on the quadric surface. This pencil has two fixed points at Q ∩ l. Near one of them, say [0, 1, 0, 0] we take the coordinates given by y = 0 have as defining equations{L 2 X = L 1 W, XW = Z} from which we can see explicitly the proceeding claim, that each inverse image set goes through the origin and is distinguished by its tangent slope. Further the family of conics degenerates at [L 1 , L 2 ] = 0 or ∞ to the two lines in the ruling.
We get a map m : B → È 1 by sending each point of the exceptional divisors to the unique point in È 1 corresponding to the cubic passing through that point. We have a symmetrical situation at the other point [0, 0, 1, 0] so we can glue the two exceptional divisors of R 0,∞ to each other. Further by gluing the strict transform of
giving the extension of the multiplication map. We can also see that R is just the blowup of the {singular point of N}×{singular point of N} in the product.
Now consider a family of elliptic curves over a disk X π → D degenerating to a nodal cubic over the origin. We want to extend the multiplication map
In local coordinates the degeneration in the fiber product looks like {xy = t = uv} ⊂ 4 where t is a coordinate in D. The only singularity of the fiber product is at the point t = 0 where we have the cone over the Quadric. There are two choices of small resolution corresponding to a small resolution formed by blowing up a plane in either ruling of the quadric. One of these choices will correspond to the extension of the multiplication map defined above ( It can be shown that the other corresponds to an extension of the division map).
Extension of Multiplication for V
We proceed in a similar fashion as in the previous case. The main difficulty in the case for surfaces is that the fiber product of our family with itself is singular along a surface, not at a point but is otherwise analogous. First we recall some facts about our singular fibers.
The singular fibers of π consist of eight translation scrolls, T i . A translation scroll is defined by an elliptic curve E embedded as a curve of degree 8 in È 7 and a translation element ρ.
Where < x, x + ρ > is the line in È 7 spanned by the point x and x + ρ. A translation scroll is topologically equivalent to E × N where E is an elliptic curve and N is a nodal cubic. It is singular along the curve E. In our case, E ֒→ È 7 is a curve of degree eight. The smooth locus is a Zariski open set that is a group scheme G (see [21] ). The group G is given be the short exact sequence
1 for the locus of π with smooth fibers, V 0 = π −1 (B 0 ). On this locus there is a well defined multiplication map m :
We would like to extend this map to all of V × B V . 
Proof. In what follows we will make use of the following commutative diagram where we define q and m at an appropriate place.
Consider the closure of the graph of the multiplication map
which is a projective variety since it's a subvariety of V × B V × B V . By looking locally at the points where the multiplication map fails we will show that there is a small resolution of the product
we will have our projective extension of the multiplication map
We describe the extension of the multiplication map in a discussion running parallel to the case of the nodal cubic. To each translation scroll T i with defining elliptic curve E ρ i we have the projective bundle S i that is its normalization. Explicitly, to each point x of E ρ i we associate the line in È 7 passing through x and the point x + ρ for some fixed ρ. S i is a sub projective bundle of the trivial bundle È 7 × E ρ i . We will drop the subscript i for clarity.
This bundle has two natural sections over E ρ , the zero section σ 0 given by the intersection with E and the infinity section, σ ∞ given by the other intersection point with the curve E ρ . Call the images of these sections C 0 and C ∞ respectively. The map S → T is given by gluing the point of C ∞ over the point x ∈ E ρ to the point x + ρ. Viewing S ⊂ È 7 × E ρ with projections onto the first and second factors, the gluing map is just projection on to the first factor S glue −→ È 7 .
Look at the group G ⊂ S and the maps G × G m ′ −→ G. This gives the rational map covering the inclusion of G into T
We can extend this map to
, where n : S → E is the structure map of the projective bundle which corresponds to the group projection n : G → E. In a similar way we can define
This leaves the sets C 0 ×C ∞ and C ∞ ×C 0 in S ×S where m ′ isn't defined. Taking the projection onto the base, we have the inverse image is the translated diagonal, i.e. in the following diagram
The inverse image of a point x ∈ E is m −1 (x) = {(e, f ) ∈ E × E | e + f = x} = {(e, x − e) ∈ E × E}. Locally on the base then, we can look at the inverse image and see that we have a line crossed with the inverse image from the nodal case. Taking the blowup along C 0 × C ∞ and C ∞ × C 0 we get get R → S × S and a morphism m ′′ : R → S. Gluing the two exceptional loci and the strict transform in R of the points σ 0 (x) × S with σ ∞ (x + ρ) × S we get a variety R filling the diagram
We need to place the above analysis in the context of our fibration. Looking in the fiber product we can describe the singularity as follows. Take t to be a coordinate on R, s 1 a coordinate along E ρ i the elliptic curve forming the singular locus of the singular fiber. Near the singular fiber we describe V 1 as a subset of 4 given by {(x 1 , y 1 , s 1 , t) | x 1 y 1 = t}. Doing similarly for V 2 we get our local description of the fiber product near the singularity as
We see that the fiber at t = 0 has as it's singular locus the cone x 1 y 1 = x 2 y 2 in 4 at every point of the plane (s 1 , s 2 ). Just as in the nodal case there are two choices of small resolution corresponding to the two rulings of the quadric. The global projective resolution given by the graph Γ m makes a choice of one of these.
Taking the blowup along a smooth divisor containing the plane of singularities (s 1 , s 2 ) we get the small resolution V 1 × B V 2 . The exceptional locus of the small resolution of the cone is a È 1 , so in this case we get a projective bundle over the plane (s 1 , s 2 ) locally, and globally a È 1 bundle on E ρ i × E ρ i .
Some Details On The Singular Fibers T i
We make some elementary remarks based on our description of T and the extension of the multiplication map.
) and the cohomology is given by
Proof. Recall the standard results (see [4] Proposition III.18) that
Consider n * H. Write H = aC 0 +bl, then since n * H.n
Hence we get H = C 0 + 4F . For the cohomology we know that H 0 (S 1 , n * H) = 8 since it is the polarization given the map S → T ⊂ È
. We can conclude immediately that H 2 (S, H) = 0 since E is a curve. To calculate that H 1 (S, H) = 0 we consider the Riemann-Roch formula χ(H) = deg(ch(H).td(S)) 2 . By standard results (see [4] Proof. This follows from the construction and our first extension of m to the the points in S × S that are not in the locus C 0 × C ∞ and C ∞ × C 0 .
Corollary 4.3. For line bundles L on T and smooth points
Where t a = m(a, )
Proof. This follows the proof given in [22] Chapter 9 and is a standard result for Abelian varieties. In particular on the triple product T × T × T for points (y, a, b) with a ,b smooth points we have the three projection maps π i and the pairwise multiplication maps m ij . Take m : T × T × T → T to be the triple multiplication on points of the form (y, a, b). Then we have
Pulling this back via the map T → T × T × T , y → (y, a, b) we get our result
In the following we explicitly see that the space of rank 1 torsion free sheaves on T i is identified with another translation scroll T i .
The Poincare Sheaf on V × B V
Consider the sheaf on V × B V given by
Where m, q are defined in the previous section. We want the Poincare sheaf on V × B V to be the pullback of Q, i.e
We show that such a sheaf exists by showing that Q is K(H) equivariant and descends to the quotient.
Lemma 5.1. The action of the kernel of φ H , K(H) on the fiber product V × B V via id × K(H) extends to an action on the small resolution. Further it leaves H invariant.
Proof. Elements of K(H) act via translation by elements of order 8 in the elliptic curve, permuting the fibers, and permuting the 64 sections e i . This action extends to the singular set of V × B V just acting as id × {pts. of order 8}. The automorphism of the base lifts to an automorphism of the total space of the resolution of E × E, furthermore the action of K(H) is induced by a linear automorphism of È 7 and thus fixes O(H).
Proposition 5.2. The relative Poincare sheaf, P, defined above restricts on the smooth fibers to be the usual Poincare sheaf on A × A. Further, it is trivial when restricted to σ × V and V × σ
Proof. To define P we need to check that Q = q * m * H ⊗ p * 1 H −1 ⊗ p * 2 H −1 descends to the desired bundle on V × B V . We follow the steps in [24] pg 79 and check that the argument extends to our family. First we check the action of individual elements k ∈ K(H) lifts to an automorphism, ψ a of H, and then argue that there exists a choice of such lifts such that ψ k ψ k ′ = ψ k+k ′ . On the smooth fibers K(H) acts sheaves via pullback by translation by k, t * k and by 4.2 we can write the same on the singular fibers.
Where we used the previous lemma that the action of the kernel fixes H. So for each element e i of the kernel there is an automorphism ψ e i of the line bundle covering the action V . We now need to argue that there is a choice of such automorphisms satisfying ψ k ψ k ′ = ψ k+k ′ . Note that every ψ e i can be changed by an element of *
and still cover the action of K(H).
There is an isomorphism
We write the total space of O → e×V as ×V . Then we require the lifted automorphism of the action to restrict to the product isomorphism (c, x) −→ (c, t k (x)), where c is in the fiber and x along the base. Then on the restriction we have ψ k ψ k ′ = ψ k+k ′ and since the ψ ′ s are determined up to scalar multiplication, the ψ's obey this rule on all of V × B V .
Checking the criteria for the smooth fibers, if α = φ(x)
The Fourier-Mukai Transform
For any two varieties X → B and Y → B the relative Fourier-Mukai transform is a functor from the derived category of X to the derived category of Y given as
Where the kernel Q is an object in the derived category of X × B Y , p 1 and p 2 are the first and second projections respectively. In the following a sheaf always refers to an object in the derived category concentrated in a single degree.
We have the Poincare bundle P on V × B V constructed previously with the property that
We wish to calculate the Fourier Mukai transform by finding a functor F :
is the derived category with the K(H) equivariant action which we get by tensoring with Q. We will use the above diagram to calculate S P by calculating S Q and taking the equivariant portion of the bundle.
The Action of the Fourier-Mukai Transform on Cohomology
We use the fact that the Fourier-Mukai transform descends to a linear map on the chern characters of sheaves in the cohomology rings of X and Y , s P :
. Since the cohomology of V and V have rank 6 (over É) if we calculate the cohomology of 6 independent sheaves we'll be able to reconstruct s P as a 6 × 6 matrix. 
Where we used that N A/V is trivial.
O e :
Write σ : B ֒→ V where σ(B) = e, and consider any sheaf R supported on
We get S Q (σ * R) ∼ = π * R. Take R = O e to get the result.
To calculate the map on chern characters again we us Grothendieck-Riemann-
Where we again used that N e/V = O e (−1) ⊕ O e (−1)
So we need to look at R i p 2 * m * H. To distinguish the first and second factors we write
Fix a point y ∈ A 2 and look at the fiber over y. 
The chern polynomial of
Which gives chern character
Using Grothendieck-Riemann-Roch, the fact that N A/V is trivial, and the pro-jection formula we have
Remark 7.1. For the last two sheaves we unfortunately have only partial results. The main difficulty lies in figuring out exactly what m * H looks like on the singular fibers. For the methods used in this paper these results will not actually matter. When we construct the matrix, s P , representing the Fourier-Mukai transform will will only need the results from the last three columns representing those classes which have support codimension 2 or greater in V and we've already determined these results in the calculations above. As we will see, this simplification results from our using a spectral curve, i.e. a line bundle supported on curve in V rather than a more general spectral sheaf with support on surfaces (or even the entire threefold).
O V :
We need to calculate R i p 2 * F = R i p 2 * Q. First note that R i p 2 * Q = 0 for i ≥ 3 as the fiber dimension is 2. By [18] Theorem 12.11 R 2 p 2 * Q has fibers isomorphic to H 2 (V a , Q a ). Choose a point b ∈ B and look at the fibers over B. For the case of the smooth fibers we have the fiber of Q over a ∈ A 1 is
By a standard result for abelian varieties H i (A, F a ) = 0 for any non trivial line bundle in P ic 0 (A). Observe that t * a H ⊗ H −1 is precisely the map φ H : A −→ A and so is trivial for a ∈ K(H) ∼ = 8 × 8 . So we see that on the smooth locus of π, R 2 p 2 * Q has support on the 64 sections of π, e i . By upper-semicontinuity the support is the entire e i , but may contain more components in the singular fibers.
We consider nonsingular and singular points in T taking first y ∈ T a nonsingular point. The the fiber over y is just a copy of T labeled by y, T y . Recall that from the definition of the multiplication map it's defined for all pair (x, y) where x is any point of T and y is a smooth point. Hence we can write by Proposition 4.2
By the base change and cohomology theory we have fiber wise isomorphisms (
. We expect that since t * y H ⊗ H −1 is a rank 1 torsion free sheaf on T we have that
If what we expect is true then on e i since the fiber dimension is constant we have a line bundle on each e i . Observe that Q restricted to any section is trivial since (m
So we have over the
Where in the third step we used relative duality (see [19] ).
We would like to claim that R 1 p 2 * Q = 0 by regularity for the Poincaré sheaf. This holds for the smooth fibers but we were unable to show it for the singular fibers. R 0 p 2 * Q = 0 since otherwise we would have a torsion section of Q and there aren't any.
Calculating the chern classes for the our expected Fourier-Mukai we get.
Where we used that since e is the class of an exceptional curve that is the blowup of the cone in
So we need to calculate (p 2 * q * m * H). From the calculation of O A (H) we know that restricted to the smooth fibers we have this (p 2 * q * m * H) = H 0 (A, H) which we can think of as the sheaf π * π * H restricted to A. We expect therefore that We calculate the chern character.
We summarize the results in the following tables 
[pt]
From which we can calculate the map s : 
Stability of Bundles and Spectral Curves
Although we will not be able to completely classify which bundles are stable we can offer some numerical conditions on when stability is guaranteed. The proof is essentially the same as for elliptic surfaces and we follow [13] . First we establish some definitions and basic correspondences between certain sub-bundles of E and their spectral covers.
Consider a spectral curve C ֒ → V with a line bundle L supported on C. Associated to this data via the Fourier-Mukai transform is a vector bundle E or rank r on the dual fibration. Write C r ′ for the spectral curve associate with ∧ r ′ E.
Definition 8.1. We will say that the spectral data r ′ −irreducible (resp. r ′ −reducible) if C r ′ is irreducible (resp. reducible) and is absolutely irreducible (resp. reducible) if C r ′ is irreducible (reducible) for all 0 < r ′ < r. Proof. We can write
Restricted to a generic fiber A the ideal sheave I Z has codimension two, since if were a curve generically then Z would be a surface. Hence we can take I Z | A to be a collection of points 0-dimensional sub-schemes {z 1 , ...z k }. On A consider the short exact sequence
Taking the Fourier-Mukai transform we get the long exact sequence
But knowing the Fourier-Mukai transform of the first two terms we can write
From which we conclude that
Now consider the case where we have the short exact sequence
On a generic fiber we have
we know that γ = α i for at least some i. Moreover by suitable generic choices we can assume that
From the above short exact sequence we get the long exact sequence whose last terms are 0 Proof. Let F be a subsheaf of E with the 0 < rank(F ) < E. Then since F generically injective we have F | A injective into E| A and since the later is semistable we have that.
From which we get that D.c 1 (F ).A ≤ 0 and c 1 (F ) is not an effective divisor. By absolute irreducibility we have a strict inequality and we note that
is strictly negative number bounded above by
. We'll need the following lemma:
There is a constant a, depending only on E, H 0 and A such that
for all subsheaves F ⊂ E and i = 0, 1, 2.
Proof. For i = 0 the above expression is bounded by 0 since A 2 = 0. For i = 0, 1 consider the following. There is a filtration of E 0 ⊂ E 0 ⊂ ... ⊂ E n−1 = E such that successive quotients are torsion free rank 1. Hence the successive quotients are of the form L i ⊗I Z i here L is a line bundle and I Z is an ideal sheaf of a codimension 2 (or greater) subscheme of V.
First we consider the case that rank(F ) = 1. Since 0 → F → E we have that for some i there is a nonzero map F → L i ⊗I Z , hence we can write F as L i ⊗O(−K)⊗I X for some effective divisor K and subscheme X of codimension 2 or greater. Then
and we get a bound independent of F . Consider now the case that rank(F ) = r. Then det(F ) = ∧ r F and we have a nonzero map ∧ r F → ∧ r E. We proceed as in the previous case by consider a filtration of ∧ r E such that the quotients are again rank 1 sheaves.
Continuing with the main theorem with have that by the previous lemma
Recalling that c 1 (V ) is supported just on the fibers A we have that
Hence for some sufficiently large k we have
for all choices of subsheaves F . Hence E is slope stable.
Future Directions
There are several related families of abelian surface fibered Calabi-Yaus to which the techniques and results developed here can be applied providing a rich bestiary of examples. One can look at intermediate quotients by taking quotients of subgroups of 8 × 8 . In [17] they describe another family of (1, 8) polarized abelian surfaces related to ours by flopping the small resolution (called V 2 8,y in that paper). This flop has second abelian surface fibration whose fibers carry either (2, 8) or a (4, 4) polarization. Further In [6] they describe non-commutative groups of order 64 acting on V giving quotients with non-abelian fundamental groups. One can attempt to build bundles on these as well as intermediate quotients.
There are additional families of abelian surface fibrations arising in a manner similar to how V 8,y is defined [17] . In particular there are (1, 6) , (1, 7) and (1, 5) polarized abelian surface fibrations with Heisenberg groups acting to give interesting quotient varieties. One could hope that bundles could be built on these directly using the spectral construction without the need to take elementary transformations (which cause the main difficulty in the cases we examine here).
Some Facts Regarding Abelian Surfaces
In this appendix we include some small results that are used in the main part of the discussion. First we prove some well known result for abelian surfaces. In the second section we give some simple results for sheaves on algebraic varieties.
We collect in this Appendix some facts on abelian surfaces. These results were primarily used in the analysis that went into the companion paper [3] . All of these facts are probably well known. Our primary references are [24] and [5] . Proof. For a, b relatively prime we have the slope map m a,b : E → E × E taking x → (ax, bx). Write E a,b for the image of this map. We want to describe E a,b as a linear combination of E,F , and ∆. Write e i , i = 1, ..., 4 a basis of the lattice 4 ֒→ 2 . Where e 1 , e 2 span the lattice of the first factor of A = E × E and e 3 , e 4 the second factor. In this basis we can represent E, F and ∆ as E = e 1 ∧ e 2 F = e 3 ∧ e 4 ∆ = (e 1 + e 3 ) ∧ (e 2 + e 4 )
Now, E a,b = {(ax, bx)} and lifting to 4 we can describe it as the plane spanned by
where λ 1 and λ 2 are in the lattice. So E a,b is represented by λ 1 ∧ λ 2 = (ae 1 + be 3 ) ∧ (ae 2 + be 3 ) = a 2 e 1 ∧ e 2 + ab(e 1 ∧ e 4 + e 3 ∧ e 2 ) + b 2 e 3 ∧ e 4
So if E a,b = xE + yF + x∆ we get
Solving this linear system we find E a,b = a(a − b)E + b(b − a)F + ab∆. But E a,b is just the image of E, the first factor in E × E under our SL(2, ) action. Making a similar calculation for F and ∆ we find that the action can be written as 
